The aim of this investigation is to analyze the effectiveness of Lorentz force, viscous dissipation and internal heating on the heat and flow characteristics of a non-Newtonian Casson fluid thin film resting on a stretching surface under the influence of a magnetic field. Employing suitable similarity variables and shooting technique and integrating scheme numerical solutions for velocity and temperature are obtained. The results of this analysis are compared with the published work and are found to be in good agreement. The thickness of the thin film is evaluated and is observed that Lorentz force and the non-Newtonian nature of the fluid have a thinning influence on the film. Velocity and temperature distributions in the thin film are discussed for various flow parameters.
Introduction
During the recent years, study of liquid film flows has received significant attention from researchers due to its possible practical applications in several branches of science and technology. The characteristics of flow and heat transfer in a thin film are extremely useful to understand the coating process, design of different heat exchangers and chemical processing equipments. Similar situations prevail in wire and fiber coating, transpiration cooling, food stuff processing, reactor fluidization, manufacture of plastic and rubber sheets. Primary objective of all applications of extrusion is to maintain the surface quality of the final extrudate as best. It is reported that quality of the product depends on rate of heat transfer at the stretching surface. Hence, study of heat transfer under different thermal conditions shall be helpful to industry. Rassoulinejad-Mousavi and Abbasbandy [1] made an analytical study of forced convection in a circular tube filled with a Darcy-Brinkman-Forchheimer porous medium using spectral Homotopy analysis method. They studied the effect of high values of Forchheimer non-linear term on velocity, temperature and Nusselt number. Rassoulinejad-Mousavi et al. [2] examined the temperature and Nusselt number employing non-thermal equilibrium model in a PPC with permeable walls. Shahabeddin et al. [3] studied the effect of embedding aluminium porous metal foam inside the flow channels of an air-cooled lithium-ion battery to improve its thermal management. Several studies on boundary layer flows in a thin film in Newtonian fluids are available. Andersson et al. [4] explored the flow characteristics of an axisymmetric flow in a Newtonian film. A similar investigation in a liquid film on an unsteady stretching sheet was examined by Usha and Sridharan [5] .
Wang [6] investigated the flow characteristics in a Newtonian thin liquid film on an unsteady stretching surface. This study was extended by Dandapat et al. [7] to include heat transfer analysis. Dandapat and Ray [8] Rassoulinejad-Mousavi et al. [12] made a theoretical study of the temperature and Nusselt number of a conducting Maxwell fluid through a porous saturated parallel plates channel with different boundary conditions using non-thermal equilibrium model. Lin et al. [13] explored the flow and heat transfer of MHD pseudo-plastic nanofluid in a finite film over a stretching surface with internal heating effects.
The effect of viscous dissipation in heat transfer problems is of importance as it plays significant role as an energy source. The presence of viscous dissipation affects both the temperature and heat transfer rates. Rassoulinejad-Mousavi and Hessameddin [14] explored the effect of quadratic drag on viscous dissipation in a fluid saturated porous medium through a channel bounded by two isothermal or isoflux walls. They observed that the Nusselt number is sensitive to the Forchheimer number. The study of viscous heating in thin film flows has considerable interest. For example, in polymer processing flows like injection modelling or extrusion at high rates and aerodynamic heating in the thin layer around a high speed aircraft, the temperature is observed to increase prominently. Vajravelu et al. [15] carried out a mathematical analysis of the effects of thermo physical properties on the thin film flow of an Ostwald-de Waele liquid over a stretching surface in the presence of viscous dissipation. Abel et al. [16] examined the effect of viscous dissipation on the MHD flow and heat transfer in a liquid film due to a stretching surface. Krishna Jyothi et al. [17] However, studies on flows in Casson fluid film are very limited in literature. Casson fluid is a non-Newtonian fluid that can be described as a shear thinning fluid having an infinite viscosity at zero shear rates and a yield stress with no flow below this critical yield value. The empirical model was suggested by Casson [23] while analyzing the flow curves of suspensions of pigments in lithographic varnishes. It is reported that Casson's constitutive equation described accurately the silicon suspensions [24] , suspensions of bentonite in water [25] and many other industrial polymers. It is well established that when blood flows through small vessels its behavior is satisfactorily explained by modeling it as a Casson fluid. It is reported that blood flow affects the thermal response of living tissues. Craciunescu and Clegg [26] studied the oscillatory flow of heat transfer in blood flow considering the vessels of blood as rigid. Weinbaun et al. [27] and Jiji et al.
[28] studied the heat transfer under the influence of vascular microstructure on surface tissue. Cavaliere [29] examined the heat supply to tumors in human beings in the extremities by local perfusion with warm blood. Sarojamma et al. [30] explored the characteristics of heat and mass transfer on the MHD boundary layer flow of a Casson fluid over stretching surface under the influence of a magnetic field. Megahed [31] examined the impact of variable heat flux, viscous heating and velocity slip flow on the heat transfer of a Casson fluid in thin film on a stretching sheet.
In this paper, influence of magnetic field on the thin film flow and heat transfer of a Casson fluid over an unsteady stretching sheet is investigated. The effects of viscous dissipation and internal heating are taken into consideration. Application of suitable similarity variables reduced the governing PDEs into a set of coupled non-linear ODEs for which numerical solutions have been obtained. To the best of knowledge of the authors, influence of transverse magnetic field, viscous dissipation and internal heating on the flow and heat transfer of a Casson fluid film over an unsteady stretching has not yet been studied in literature.
Mathematical Formulation
Consider a conducting incompressible non-Newtonian Casson thin film over a heated elastic sheet that emerges from a narrow slit at the origin of the Cartesian coordinate system for investigations as shown schematically in Figure 1 . A thin film of uniform thickness ( ) h t lies on the horizontal stretching sheet. Liquid motion within the film is caused by stretching sheet.
The continuous sheet is parallel to x-axis and moves in its own plane with a velocity ( ) T is assumed to vary with the distance x from the slit as
where 0 T is the temperature at the slit, v is the kinematic viscocity, ref T is the constant reference temperature such that 
where ij τ is the ( ) on non-Newtonian model. Under these assumptions, the motion of liquid film due to stretching is governed by
where u and v are velocity components of liquid in x-and y-directions, T is temperature, ν is kinematic viscosity, µ is dynamic viscosity, ρ is density, p c is specific heat at constant pressure, k is the thermal conductivity, The term Q is heat generation (>0) or absorption (<0) per unit volume which is modeled as [33] ( )
where * B is temperature-dependent heat generation/absorption and is positive in case of the elastic sheet's generation of heat and negative in case of the sheet's absorption of heat from the fluid flow.
The boundary conditions on the stretching sheet are no slip, no penetration and imposed sheet temperature distribution and they are represented respectively as
The following similarity transformation are introduced
Also, ( ) , x y ψ is the stream function which automatically assures mass conversation Equation (4) . The velocity components are readily obtained as
where prime denotes differentiation with respect to η . Thus the mathematical problem defined through Equations (4)- (9) are transformed to the following non-linear boundary value problem on the finite range of 0 -1:
Subject to the boundary conditions is Eckert number. Further, γ denotes the value of the similarity variable η at the free surface so that the first term of Equation (10) gives
Since γ is an unknown constant, which should be determined, as a whole, from the set of the present boundary-value problem, the rate of change of the film thickness can be obtained as follows:
Thus, the kinematic constraint at ( ) y h t = given by Equation (9) transforms to the free surface condition (17) .
The parameters of engineering interest in heat transfer problems are Skin friction coefficient fx C and Nusselt number x Nu . These parameters characterize surface drag and heat transfer rate and are defined respectively, as ( )
Re 0
where Re x Ux ν = is the local Reynolds number. The coupled ordinary differential Equations (13) and (14) are non linear and exact analytical solutions are not possible. Equations (13) and (14) with the pertinent boundary conditions (15) and (16) are solved numerically by the most efficient numerical shooting technique with fourth order Runge-Kutta algorithm. First we convert these equations into a set of first order equations as follows:
Corresponding boundary conditions take the form, [34] and Megahed [31] in the absence of magnetic field parameter and β → ∞ for different values of unsteady parameter. It is pertinent to mention that, as Wang [6] used different similarity variables, the values of
obtained by Wang [6] , shall be same as
of the present paper. These values are presented in Table 1 and it is seen that they are an excellent agreement.
Results and Discussion
The coupled non-linear differential Equations (13) and (14) along with the appropriate boundary conditions (15) and (16) Abel et al. [34] Megahed [31] Present study unsteadiness parameter is highlighted in Figure 3 . It is evident from this figure that free surface velocity remains almost uniform for all values of the magnetic field. As unsteadiness parameter S increases the free surface velocity decreases. When S changes its value from 0.8 to 1.2 there is a twofold reduction in free surface velocity. increases. However, reduction in the temperature is small. Figure 7 and Figure 8 highlight the impact of strength of magnetic field on the velocity and temperature distributions in the film. In the absence of magnetic field, velocity steadily decreases in the film. Presence of magnetic field causes a rapid reduction of velocity in the vicinity of the boundary due to the action of Lorentz force which resists the fluid flow. Temperature shows an opposite behavior with a gradual enhancement in temperature for increasing values of the magnetic parameter M. For all values of M, temperature assumes its minimum value at the free surface. Figure 9 and Figure 10 illustrate the influence of non-Newtonian nature of the fluid through the Casson parameter on velocity. It is observed that velocity in the vicinity of the boundary becomes a constant function of the Casson parameter. However, a significant reduction in the velocity in the film is observed away from the boundary for increasing values of β . Reduction in the velocity might be due to the non-Newtonian nature of the fluid as increase in Casson parameter corresponds to an increase in the plastic dynamic viscosity of the fluid. Film thickness also gets reduced for higher values of β . However, increasing values of β raise the temperature. Figure 11 presents the plots of temperature for a variation in Prandtl number. It is revealed that temperature drops from its higher value on the wall to its minimum value indicate that increasing values of Ec heat up the fluid in the film resulting in higher temperatures. This enhancement is due to internal heating in the fluid layers. In particular near the boundary when 3.0 Ec = there is an over shot of the temperature. As illustrated in Figure 13 , the presence of heat source ( ) the flow parameters are tabulated in 
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